A condition for a closed one-form to be exact, the one-form having values in Euclidean space, on a compact surface without boundary, is given in the case where the surface has suitable differentiable automorphisms. Tori and hyperelliptic curves, with holomorphic automorphisms, are in this case. A local representation formula for surfaces in Euclidean space is then globalized. A condition for a local surface of constant mean curvature to be global, can be written using a harmonic Gauss map.
Introduction
The theory of de Rham cohomology is related to the theory of surfaces in Euclidean space. A surface is a smooth map f , from a smooth orientable connected two-dimensional manifold M without boundary, to an n-dimensional Euclidean space R n . The differential df is an exact oneform on M with values in R n . Hence, a surface represents a boundary of the first de Rham cohomology group of one-forms on M , with values in R n . The f is reconstructed from its differential by the integral formula
with a curve γ starting at p0 ∈ M and ending at p ∈ M . If M is simply connected, then a one-form is exact if and only if the one-form is closed. In this case, there are several ways to construct differentials of surfaces. For example, the Weierstrass-Enneper representation formula for minimal surfaces in R 3 constructs a differential of a minimal surface in R 3 , from a meromorphic function and a holomorphic one-form on a Riemann surface (see Osserman [7] ). The Kenmotsu formula constructs a differential of a surface in R 3 , from a non-zero mean curvature function and a Gauss map (see Kenmotsu [4] ). These researches have been taken over by many researchers and developed in a variety of methods (see, for example, Hoffman and Osserman [3] , Konopelchenko [6] , Pedit and Pinkall [8] , and Burstall, Ferus, Leschke, Pedit and Pinkall [1] ).
In the case where the topology of M is more complicated, these formulae do not construct an exact one-form in general, but a closed one-form. This motivates us to study a condition for a closed one-form to be exact.
We assume that M is compact without boundary and of genus g. We embed R n into the Clifford algebra C n. We denote the first de Rham cohomology group of C n-valued one-forms on M by Rh 1 , and the cohomology class where a closed one-form η belongs by [[η] ]. We define a map ( , ) : 
.,[[bg]] is a canonical basis of H1(M, Z).
We denote by Eg the g by g unit matrix. Let J2g be the 2g by 2g matrix defined by
We denote by Sp(g, Z) the symplectic group of 2g by 2g matrices with entries in Z. For a matrix N , we denote its transpose by
We decompose the matrix J2gh
T − hJ2g into a diagonal matrix B(µ) = (bij(µ)), and a matrix C(µ) = (cij(µ)) such that the entries of the main diagonal are zero. Then, J2gh
. LetC(µ) = (cij(µ)) = (|cij(µ)|) and Φ : C n → R1 be the projection. Then we have the following condition. Theorem 1. We assume that there exist µ1, . . . , µm ∈ A and r1, . . . , rm ∈ R \ {0}, satisfying one of the following conditions:
A one-form ω with values in R n is exact, if and only if ω is closed and
is a non-zero exact one-form, then we understand that ω is an exact one-form, without integration. We see examples in the case where M is a square torus (Corollary 4), a hexagonal torus (Corollary 5), and a hyperelliptic curve with affine plane model
We identify R 4 with quaternions H. For a ∈ H, we denote its conjugate byā. Then we have the following similar condition.
Theorem 2.
We assume that there exist µ1, . . . , µm ∈ A and r1, . . . , rm ∈ R \ {0}, satisfying one of the following conditions:
Let ω be a one-form on M with
A one-form ω with values in H is exact, if and only if ω is closed and
By Theorem 2, we have a property of a period of a one-form. We denote the inner product of R 4 by , . Let η be a one-form with values in Im H, such that
We can consider η as a differential of a singly-periodic surface in R 3 .
Corollary 1.
We assume that there exist µ ∈ A and r ∈ R\{0}, satisfying one of the following conditions:
We assume that
Returning the initial motivation, we combine Theorem 2 and the construction of a closed one-form for a surface in R 4 in [1] . We denote the complex structure of M by J. For a one-form ω on M , we define * ω := ω • J. We denote the set of real parts of quaternions by Re H and the set of imaginary parts of quaternions by Im H. If f is an immersion, then there exists a map N :
Then we have the following condition.
Corollary 2.
We assume that maps
, and a non-zero one-form ω on M satisfy
Then there exists a surface f : M → R 4 with mean curvature vector field H, such that df = ω and * df = N df .
If f takes values in Im
Applying Corollary 2 to surfaces of constant mean curvature, we have the following condition.
Corollary 3.
We assume that a non-conformal harmonic map
Then there exists a surface f :
Clifford algebra-valued one-forms
Throughout this paper, we assume that all manifolds, maps, and differential forms are smooth. In this section, we show an analog of a relation between the periods of two complex-valued, closed one-forms (see Farkas and Kra [2] , III.2.3. Proposition). Then we prove Theorem 1.
Let {e1, . . . , en} be an orthonormal basis of R n . The Clifford algebra C n is the algebra generated by e1, . . . , en subject to the relation
We denote the projection C n → R 1 by Φ. Let u, v be the inner product of u and v ∈ R n and |u| :
We identify the Clifford algebra and the exterior algebra in a natural manner. Then uv = − u, v +u∧v. Hence u and v are linearly independent over R, if and only if uv−vu = 0. Let α : C n → C n be the automorphism which extends α(u) = −u for u ∈ R n . The map δ : C 2 → H, which extends
is an isomorphism between C 2 and H.
Let M be a compact oriented two-dimensional manifold without boundary. We assume that the genus of M is g. For closed curves γ1 and γ2 in M , we denote γ1 · γ2 the intersection number of γ1 and γ2. Let 
and that [a1b1a
The ordered cycles
We set
Lemma 1. Let η and ξ be closed one-forms on M with values in C n. Then
Proof. Let ψ : U → M be the universal covering. Then there exists a simply connected setM with boundary ∂M in U such that
g).
(see Figure 1 ). We fix a point z0 ∈M such that ψ(z0) = p0. We denote a curve with initial point z0 and end point z inM by γ. We can define a map
By Stokes' theorem, we have
For a point z ∈ãm, we define z ∈ã − m by ψ(z) = ψ(z ). Letγ be a curve inM with initial point z0 and end point z . Then
Similarly, for a point z ∈bm, we define z ∈b
By (2), we have (1).
Proof of Theorem 1. For a closed curve γ in M , we have
Hence
We have
LetP (ω) =`|P1(ω)| · · · |P2g(ω)|´.
HenceP (ω) = 0.
HenceP (ω) = 0. A one-form ω is exact if and only ifP (ω) = 0. Hence, Theorem 1 holds.
Quaternionic-valued one-forms
We have a similar condition for quaternionic-valued one-forms.
Proof of Theorem 2.
HenceP (ω) = 0. A one-form ω is exact if and only ifP (ω) = 0. Hence, Theorem 2 holds.
Proof of Corollary 1. Since η is not exact, we have
On the other hand,
by Lemma 1. Hence Corollary 1 holds.
One-forms on tori
We review the classification of tori and their holomorphic automorphisms, and consider Theorem 1 and Theorem 2 in the case where M is a torus. Let M be a torus. We consider M as a Riemann surface. Then M is biholomorphic to an orbit space C/Λ λ with a lattice A map τ : C/Λ λ → C/Λ λ is a holomorphic automorphism such that τ 2 is the identity map, if and only if (τ • ψ λ )(z) = ψ λ (±z). There exists a holomorphic automorphism τ such that τ 2 is not the identity map, if and only if C/Λ λ is a square torus or a hexagonal torus. In fact, we definẽ τm,n : C → C bỹ τm,n(z) = e 2πmi/n z (n = 4, 6, m = 0, 1, . . . , n − 1). 
Proof. Let M be a square torus. We see that
Let m = 1, r1 = 1, and µ1 = τ1,4. Then
Then Corollary 4 holds by Theorem 1.
Corollary 5. Let M be a hexagonal torus and ω a one-form on M with values in
R n ⊂ C n, satisfying ω ∧ τ1,6 * ω − τ1,6 * ω ∧ω = 0. A
one-form ω is exact, if and only if
Proof. Let M be a hexagonal torus. We see that
Let m = 1, r1 = 1, and µ1 = τ1,6. Then
Then Corollary 5 holds by Theorem 1.
We collect statements for quaternionic-valued one-forms, which are obtained in a similar fashion as above. We omit their proof. 
One-forms on a hyperelliptic curve
We review a hyperelliptic curve and its automorphisms, and prove Corollary 8. Let M be the hyperelliptic curve of genus g with affine model (3) and τ be a holomorphic automorphism of M defined by (4) . If g = 1, then M is a square torus and τ = τ1,4.
We label two copies of a sphere, which is identified with Σ = C ∪ {∞}, sheet I and sheet II. On each sheet, we draw a smooth curve, joining e (2k−1)πi/(g+1) and e 2kπi/(g+1) (k = 1, . . . , g + 1). These curves are called cuts. We assume that these cuts do not intersect each other. Each cut has two banks, called the N-bank and the S-bank. The surface M is constructed by joining every S-bank on sheet I to an N-bank of the corresponding cut on sheet II, and joining every N-bank on sheet I to an S-bank of the corresponding cut on sheet II. We draw a simple closed curve a k , winding counterclockwise once, around the cuts joining e (2k−1)πi/(g+1) and e 2kπi/(g+1) on sheet I (k = 1, . . . , g). We choose a curve b k starting from a point on the cut from e (2g+1)πi/(g+1) to 1, going on sheet I, to a point on the cut from e (2k−1)πi/(g+1) to e 2kπi/(g+1) , and returning on the sheet II
We have a situation similar to a square torus, when a Riemann surface is hyperelliptic. Let M be a hyperelliptic curve of genus g with affine plane model
A holomorphic automorphism τ : M → M is defined by
We have 
